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4 The spaces L? and L7

4.1 Elementary inequalities and seminorms

Lemma 4.1. Let a,b> 0 and p > 1. Then,

<a+b>p§a7’+b3"

2 2
Let a,b >0 and p > 1. Set q such that 1/p+1/q =1. Then,

at/Ppl/e < 4. é
p q

Proof. Exercise. O

Definition 4.2. Let X be a measure space with measure p and p > 0.
LP(X, 1, K) :={f : X - Kmeasurable : | f|” integrable} .

Define also the function || - ||, : £P(X, 1, K) — R{ given by

1= ( [ 197) "

Proposition 4.3. The set LP(X, u,K) for p € (0,00) is a vector space.
Also, || - ||p is multiplicative, i.e., |Af|l, = [A||| fllp for all X\ € K and f € LP.
Furthermore, if p < 1 the function d, : LP(X, 11, K) x LP(X, p, K) — [0, 00)
gwen by dp(f,9) :== || f — gl]b is a pseudometric.

Proof. Exercise. O

Definition 4.4. Let X be a measure space with measure u. We call a
measurable function f : X — K essentially bounded iff there exists a bounded
measurable function g : X — K such that ¢ = f almost everywhere. We
denote the set of essentially bounded functions by £°(X, , K). Define also
the function | - [|oo : £2(X, 1, K) — R{ given by

| flloo := inf {||g]lsup : ¢ = fa.e. and g bounded measurable} .

Proposition 4.5. The set L(X, u,K) is a vector space and || - ||~ is a
seminorm.

Proof. Exercise. O

Proposition 4.6. Let f,g be measurable maps such that f = g almost ev-
erywhere. Let p € (0,00]. Then, f € LP iff g € LP.

Proof. Apply Proposition 3.12 to | f|P and |g|P. O
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Proposition 4.7. Let f € LP for p € (0,00). Then, f vanishes outside of a
o-finite set.

Proof. By Proposition 3.13, | f|P vanishes outside a o-finite set and hence so

does f. O
Proposition 4.8. Let f € L. Then, the set {z : |f(x)| > ||fllo} has
measure zero. Moreover, there exists g € L% bounded such that g = f
almost everywhere and ||g||sup = [|9]loc = || f||oo-

Proof. Fix ¢ > 0 and consider the set A. := {z : |f(x)| > | fllec + ¢}
Since there exists a bounded measurable function g such that g = f almost
everywhere and [|g][sup < [|f|oo+c we must have p(A.) = 0. Thus { A4/, fnen
is an increasing sequence of sets of measure zero. So, their union A :=
Unen An = {z : |f(2)| > || flloc} must have measure zero. Define now

o(z) = {f(:c) %fac GX\A.
0 ifre A
Then, ¢ is measurable, bounded, and g = f almost everywhere. Moreover,
9llsup < || flloo- On, the other hand, since g = f almost everywhere we
must have ||g||sup > || f|loo by the definition of || - [|s. Also, f —g¢ = 0 almost
everywhere and hence ||f — gllooc < ||Olsup, i-€., ||f — 9llcc = O and thus

[flloo = llglloo- O

Proposition 4.9. Let f € LP for p € (0,00]. Then |f|ll, =0 iff f =0
almost everywhere.

Proof. If p < oo apply Proposition 3.22 to |f|P. Exercise.Complete the
proof for p = oo. O

Theorem 4.10 (Holder’s inequality). Let p € [1,00] and g such that 1/p +
1/q=1. Given f € LP and g € L we have fg € L' and,

Ifglle < 1 F1lpllgllq-

Proof. First observe that fg is measurable by Proposition 2.18 since f and
g are measurable.

We start with the case p =1 and ¢ = oo. (The case ¢ = 1 and p = o0
is analogous.) By Proposition 4.8 there is a bounded function h € £* such
that h = g almost everywhere and ||h|[sup = ||g]loc. We have

[fRl < 11 Allsup-

Thus, |fh| is bounded from above by an integrable function and hence fh is
integrable by Proposition 3.30. But fh = fg almost everywhere and so fg is
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integrable by Proposition 3.12. Moreover, integrating the above inequality
over X we obtain,

ol = [ Vsl = [ 1780 < lhlls [ 171 =170l

It remains to consider the case p € (1,00). If || f||, = 0 or ||g|l; = O then
f or g vanishes almost everywhere by Proposition 4.9. Thus, fg vanishes
almost everywhere and || fg||1 = 0 by the same Proposition (and in particular
fg € £L1). We thus assume now || f||, # 0 and ||g||, # 0. Set

p q
a:= /] and b:= 9]

1F1p° lgllg

Using the second inequality of Lemma 4.1 we find,

[fgl L IAP 1 gl
1flpllglle = 2 IfIE  allgllg

This implies that |fg| is bounded from above by an integrable function and
is hence integrable by Proposition 3.30. Moreover, integrating both sides of
the inequality over X yields the inequality that is to be demonstrated. [

Proposition 4.11 (Minkowski’s inequality). Let p € [1,00] and f,g € LP.
Then,
1f+gllp < 1 fllp =+ llgllp-

In particular, || - ||, is a seminorm.

Proof. The case p =1 is already implied by Proposition 3.15 while the case
p = oo is implied by Proposition 4.5. We may thus assume p € (1,00). Set
q such that 1/p+ 1/q = 1. We have,

\f+glP <|FIIf +alP~t + |gllf +gP

Notice that |f 4+ g[P~! € £7 so that the two summands on the right hand
side are integrable by Theorem 4.10. Integrating on both sides and applying
Hoélder’s inequality to both summands on the right hand side yields,

1 + gl < £ IF + gl + gllpll f + glP g
Noticing that ||| f + g[P~ g = || f + gllp~" we find,
1+ gl < (£l + gl f + alls

Dividing by ||f + g|[5~" yields the desired inequality. This is nothing but
the triangle inequality for || - ||,. The other properties making this into a
seminorm are immediately verified. O
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4.2 Properties of L” spaces

Theorem 4.12. Let p € [1,00) and {fn}nen be a Cauchy sequence in LP.
Then, the sequence converges to some f € LP in the || - ||p-seminorm. That
18, LP is complete. Furthermore, there exists a subsequence which converges
pointwise almost everywhere to f and for any € > 0 converges uniformly to
f outside of a set of measure less than €.

Proof. Since {f}nen is Cauchy, there exists a subsequence {fy, }ren such
that
[ s = funllp <272 VkeN and V> k.

Define
Y = {-73 € X: |fnk+1(x) - fnk($)| > 2_k} Vk € N.

Then,
27" p(Yy) < /Y [ frin = frp P < /X | frnss — frpP <2727 VE € N.
k

This implies, p(Yy) < 27% < 27% for all k € N. Define now Z; := U, Ye
for all j € N. Then, u(Z;) < 277 for all j € N.

Fix € > 0 and choose j € N such that 2!/ <e. Let z € X \ Z;. Then,
for kK > j we have

| Frpn (2) = fa(@)] < 27

Thus, the sum Y 72 fn, ., (z) — fn, () converges absolutely. In particular,
the limit

f(l‘) = lliIgofm( fm +anl+1 fm( )

exists. For all k£ > j we have the estimate,

£ () = fup(2)] = an,ﬂ — @) 3 | (@) = fo(2)] < 247F

Thus, {fn, }ren converges to f uniformly outside of Z;, where pu(Z;) < e.

Repeating the argument for arbitrarily small € we ﬁnd that f is defined on
X\ Z, where Z := ﬂj’;l Zj. Furthermore, { f,, }xen converges to f pointwise
on X \ Z. Note that u(Z) = 0. By Theorem 2.19, f is measurable on X \ Z.
We extend f to a measurable function on all of X by declaring f(x) = 0 if
T € Z.

For fixed & € N consider the sequence {g;}en of integrable functions
given by

= |fnz - fnk|p
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Since the sequence {fX 91}ien is bounded, liminf;_, fX g exists and we
can apply Proposition 3.28. Thus, there exists an integrable function g and
g(x) = liminf;_, ¢;(z) almost everywhere. We conclude that g = |[f — f5,, |P
almost everywhere. In particular, since g is integrable, f — f,, € £P and so
also f € LP. Moreover,

/ |f - fnk|p < hmlnf/ |fnl — fnk|p < 2—2kp.
X l—oo Jx

In particular,
1f = Faillp < 277

So { fn, tken and therefore also { fy, }nen converges to f in the ||-||,-seminorm.
O

Theorem 4.13. Let {fn}nen be a Cauchy sequence in L. Then, the se-
quence converges uniformly almost everywhere to a function f € L. Fur-
thermore, the sequence converges to f in the L%-seminorm. In particular,
L% is complete.

Proof. Define Z, :={z € X : |fo(z)| > ||fulloc} for all n € N and Y,, ,, :=
{2 X : [fa(t) — fn(@)] > [fn ~ folloc}. By Proposition 48 p(Zy) = 0 for
all n € N and p(Y,,m) = 0 for all n,m € N. Define

Z .= (U Zn) ul U Yam

neN n,meN

Then, u(Z) = 0. So, {fn(z)}nen converges uniformly on X \ Z to some
measurable function f. We extend f to a measurable function on all of X
by defining f(z) = 0 if z € Z. Exercise.Complete the proof. O

Theorem 4.14 (Dominated Convergence Theorem in LP). Let p € [1,00).
Let {fn}nen be a sequence of functions in LP such that there exists a real
valued function g € LP with |f,| < g for all n € N. Assume also that
{fn}nen converges pointwise almost everywhere to a measurable function f.
Then, f € LP and {fn}nen converges to f in the || - ||,-seminorm.

Proof. Exercise.Prove this by suitably adapting the proof of Theorem 3.29.
Hint: Replace |f, — fm| by |fn — fm|P, and apply Theorem 4.12 instead of
Proposition 3.25. O

Proposition 4.15. Let p € [1,00). Then, S C LP is a dense subset.

Proof. If f is an integrable simple function f, then |f|P is also integrable
simple. So, § is a subset of £P. Now consider f € L£P. We need to con-
struct a sequence of integrable simple functions that converges to f in the
|| - ||p-seminorm. Exercise.Do this by appropriately modifying the proof of
Proposition 3.30. [
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Proposition 4.16. The simple maps form a dense subset of L.

Proof. Let f € L% and fix € > 0. The statement follows if we can show that
there exists a simple map h such that || f —h||s < €. By Proposition 4.8 there
is a bounded map g € £ such that g = f almost everywhere and ||g|sup =
| flloo- Since g is bounded, its image A C K is bounded and thus contained
in a compact set. This means that we can cover A by a finite number
of open balls {Bj}req1,...ny of radius e. Denote the centers of the balls by
{#r}reqr,...ny. Now take measurable subsets Cy C By, such that C;NC; = 0 if
i # 7 while still covering A4, i.e., A C Uke{l,...m} Ck. (Exercise.Explain how
this can be done.) Define Dy, := ¢~ (Ck). {Di}requ,....ky form a measurable
partition of X. Now set h(z) := xp if ¥ € Dj. Then, h is simple and
1 = Blloo = 19— Blloo < llg — hllsup < €. 0

Exercise 29. The Monotone Convergence Theorem (Theorem 3.26) and the
Dominated Convergence Theorem (Theorem 3.29 or 4.14) are not true in £°.
Give a counterexample to both. More precisely, give a pointwise increasing
sequence {fp}nen of real non-negative valued functions f,, € £ on some
measure space X such that {f,}nen converges pointwise to some f € £
but {fn}nen does not converge to any function in the || - ||oo-seminorm.

We have seen already that the spaces LP with p € [1, 00] are vector spaces
with a seminorm || - ||, and are complete with respect to this seminorm. In
order to convert a vector space with a seminorm into a vector space with a
norm, we may quotient by those elements whose seminorm is zero.

Definition 4.17. Let p € [1,00]. Then the quotient space L£P/ ~ in the
sense of Proposition 1.56 is denoted by LP. It is a Banach space.

Banach spaces have many useful properties that make it easy to work
with them. So usually, one works with the spaces LP instead of the spaces
LP. Nevertheless one can still think of the these as "spaces of functions"
even though they are spaces of equivalence classes. But (because of Propo-
sition 4.9) two functions are in one equivalence class only if they are "essen-
tially the same", i.e., equal almost everywhere.

Proposition 4.18. Let p,q € (0,00] and set r € (0,00] such that 1/r =
1/p+1/q. Then, given f € LP and g € LY we have fg € L". Moreover, the
following inequality holds,

1 Fgll- < 1 £llpllgllq-

Proof. Exercise.|Hint: For f € LP and g € L7 apply Holder’s Theorem
(Theorem 4.10) to |f|" and |g|", in the case r < co. Treat the case r = 0o
separately.| O
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Proposition 4.19. Let0 < p < g <r < oo. Then, LPNL" C L9. Moreover,
if r < oo,
11877 < I I FIEe P vfernL,

If r = 0o we have,
111G < WAIRIAIS? Ve £rn L.
If p > 1, then also LP NL" C LY.
Proof. Exercise. O

Proposition 4.20. Let X be a measure space with finite measure . Let
0<p<qg<oo. Then, L1(X,u) C LP(X,n). Moreover,

1£llp < 11 £llg (XN~ f € L9X, p).
If p> 1, then also LI(X, u) C LP(X, pu).
Proof. Exercise. O

Lemma 4.21. Let X be a measure space with o-finite measure pu and let
p € (0,00). Then, there exists a function w € LP(X, p) such that 0 < w < 1.

Proof. Let {X,,}nen be a sequence of disjoint sets of finite measure such that
X = Unen Xn. Define

o—n 1/p .

This has the desired properties. Exercise.Show this. O

Exercise 30 (adapted from Lang). Let X be a measure space with o-finite
measure p and let p € [1,00). Let T : L? — LP be a bounded linear
map. For each g € L™ consider the bounded linear map M, : LP — LP
given by f +— gf. Assume that 7" and M, commute for all g € L, i.e,,
ToMy = MgoT. Show that T" = M), for some h € L>. [Hint: Use
Lemma 4.21 to obtain a function w € LP N L* with 0 < w. Then, for
f € LPNL>® we have

T(wf) =wT(f) = fT(w).

If we define h := T'(w)/w we thus have T(f) = hf. Prove that h is es-
sentially bounded by contradiction: Assume it is not and consider sets of
positive measure where |h| > ¢ for some constant ¢ and evaluate T' on the
characteristic function of such sets. Finally, prove that T(f) = hf for all

felr]
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4.3 Hilbert spaces and L?

Definition 4.22. Let V' be a complex vector space and (-,-) : V xV — C a
map. (-,-) is called a sesquilinear form iff it satisfies the following properties:

o (u+v,w) = (u,w)+ (v,w) and
(u,v +w) = (u,v) + (u,w) for all u,v,w € V.

o (\u,v) = Mu,v) and (u, \v) = Mu,v) forall A\ € Cand v € V.
(-,-) is called hermitian iff it satisfies in addition the following property:
e (u,v) = (v,u) for all u,v € V.
(-,-) is called positive iff it satisfies in addition the following property:
e (v,v) >0forallveV.
(-,-) is called definite iff it satisfies in addition the following property:
o If (v,v) =0thenv=0forallveV.

Proposition 4.23 (from Lang). Let V be a complex vector space with a
positive hermitian sesquilinear form (-,-) : V. xV — C. Ifv € V is such that
(v,v) =0, then (v,w) = (w,v) =0 for allw € V.

Proof. Suppose (v,v) =0 for a fixed v € V. Fix some w € V. For any t € R
we have,
0 < (tv + w, tv + w) = 2t R((v,w)) + (w, w).

If R((v,w)) # 0 we could find ¢t € R such that the right hand side would
be negative, a contradiction. Hence, we can conclude ({v,w)) = 0, for all
w € V. Thus, also 0 = R({v,iw)) = R(—i{v,w)) = IF((v,w)) for all w € V.
Hence, (v,w) =0 and (w,v) = (v,w) =0 for all w € V. O

Theorem 4.24 (Schwarz Inequality). Let V be a complex vector space with
a positive hermitian sesquilinear form (-,-) : V- XV — C. Then, the following
mequality 1s satisfied:

(v, w)|* < (v, v){w,w) Yo,w e V.

Proof. If (v,v) = 0 then also (v,w) = 0 by Proposition 4.23 and the inequal-
ity holds. Thus, we may assume « := (v,v) # 0 and we set 8 := —(w,v).
By positivity we have,

0 < (v + aw, v + aw).
Using sesquilinearity and hermiticity on the right hand side this yields,
0 < [{v,0)*(w, w) — (v, v)[{v, w) .

(Exercise.Show this.) Since (v, v) # 0 we can divide by it and arrive at the
required inequality. [
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Proposition 4.25. Let V' be a complex vector space with a positive hermitian
sesquilinear form (-,-) : V. x V. — C. Then, V carries a seminorm given by

lv]| == +\/(v,v). If (-,-) is also definite then | - || is a norm.

Proof. Exercise.Hint: To prove the triangle inequality, show that ||v+w|? <
(Jlv]|+]|w|)? can be derived from the Schwarz inequality (Theorem 4.24). [

Definition 4.26. A positive definite hermitian sesquilinear form is also
called an inner product or a scalar product. A complex vector space equipped
with such a form is called an inner product space or a pre-Hilbert space. It
is called a Hilbert space iff it is complete with respect to the induced norm.

Proposition 4.27. Consider the map (-,-) : L2 x L2 — C given by

(t9)= [ fo

Then, {(-,-) is a positive hermitian sesquilinear form on L. Moreover, the
seminorm induced by it according to Proposition 4.25 is the || - ||2-seminorm.
Also, the map {-,-) : L2xL2 — C given by ([f],[g]) := (f,g) defines a positive
definite hermitian sesquilinear form on L2. The norm induced by it is the
| - [|2-norm. This makes L? into a Hilbert space.

Proof. Exercise. O

The following Theorem about Hilbert spaces is fundamental, but we do
not include the proof here, as we will only use it one single time.

Theorem 4.28. Let H be a complex Hilbert space and o : H — C a bounded
linear map. Then, there exists a unique element w € H such that

a(v) = (v,w) Yve H.



